Chapter :	Permutation and Combinations
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(1  Addition and Multiplication Principles


Addition Principle


Suppose operation A can be done in n1 ways and operation B can be done in n2 ways.  Also, it is not possible that both operations A and B be performed together, i.e. mutually exclusive.  Then, the number of ways in which we can perform A and B is n1 + n2 ways.





Example 1.1


In how many ways can a man travel from Singapore to Tokyo if there are 4 airlines (all direct flights) and 3 shipping lines operating between the 2 cities? [Ans: 7]


Solution























Multiplication Principle


If the first operation is performed in n1 ways and the second operation is performed in n2 ways, and the operations are independent, i.e. they are unrelated but can happened at the same time, then the two operations can be performed in n1 x n2 ways.





Example 1.2


If there are 3 routes from Bedok to the City Centre and 4 routes from the City Centre to Jurong, in how many ways can one travel from Bedok to Jurong via the City Centre?  [Ans: 12]


							A


�		1					B


Bedok 		2		City Centre				Jurong


		3					C


							D


Solution


�
( 2   Combinations


Definition:  A combination is a selection of objects in which the order of selection does not matter.





( 2.1  Combination of n objects, taken r at a time


The number of combinations of a set of n different objects, taken r at a time, is given by the formula


	nCr or � EQ \B(\a\vs1(n,r)) �= � EQ \F(n!,r! (n-r)!) �


Note: � EQ \B(\a\vs1(n,n-r)) �= � EQ \F(n!,(n-r)![n-(n-r)]!) � = � EQ \F(n!,(n-r)! r!) � = � EQ \B(\a\vs1(n,r)) �





Example 2.1


Out of the subjects Mathematics, Physics, Chemistry, Biology and Economics, how many four-subject combinations can be formed?  [Ans: 5]


Solution












































Example 2.2


In how many ways can 5 basketball players be selected from a team of 12 to participate in a friendly game? [792]


Solution


�
Example 2.3


A school parent-teacher committee of 5 members is to be formed from 6 parents, 2 teachers and the principal.  In how many ways can the committee be formed in order to include


the principal,


exactly 4 parents,


not more than four parents?  [Ans: 70, 45, 120]


Solution

























































































Example 2.4 (SRJC 98/1/12)


A child was given four boxes of toys.  In the first box, there were three identical toy cars.  In the second box, there were four identical toy vans.  In the third box, there were two identical toy motorcycles.   In the fourth box, there was one toy garbage truck.  Find the number of ways in which the child can choose at least one toy from any of these boxes.  [Ans: 119]


Solution


�
( 3  Permutations


Definition:  A permutation is an ordered arrangement of a number of items.





( 3.1  Permutation of n different objects, taken all at a time


In general, if there are n different objects, taken all at a time, there are


n x (n-1) x (n-2) x … x 3 x 2 x 1  	or 	n! 	ways to arrange them.





Example 3.1


How many arrangements of the letters A, B, C are there?  [Ans: 6]


Solution





























Example 3.2


In how many ways can 7 different posters be arranged in a row?  [Ans: 5040]


Solution


























( 3.2  Permutation of n different objects, taken r at a time


In general, the number of permutations of n objects taken r at a time, denoted by	 nPr = � EQ \F(n!,(n-r)!) �.


The formula n Cr can also be used in permutation problems depending on how the calculation is done.





Example 3.3 (ACJC 00/1/9ii)


How many five-letter ‘words’ can be formed from the word BANQUET?  [Ans: 2520]


Solution


�
Example 3.4


How many 4-letter code-words can be formed from the letters of the word, MATRICES? [Ans: 1680]


Solution



























































( 3.3  Permutations of n objects, not all distinct


In general, in a set of n objects, if there are n1 of the first kind, n2 of the second kind and so on for k kinds, then the number of permutations of these n objects taken all at a time = � EQ \F(n!,n\s\do(1)! n\s\do(2)! ... n\s\do(k)!) �.





Example 3.5


Find the number of permutations of the letters of the word MATHEMATICS.  [Ans: 4,989,600]


Solution


�
Example 3.6


How many ways are there to arrange 3 black balls and 2 white balls?  [Ans: 10]


Solution










































































( 3.4  Permutation of n objects out of m objects, not all distinct


Due some objects are not distinct, these problems must be solved by considering separate cases.





Example 3.7 (ACJC Prelim 97/1/12)


Find the number of 6-letter code words that can be made from the seven letters  A, A, A, B, B, C and D. [Ans:420]


Solution


�
Example 3.8 (AJC 00/1/6)


From the six letters of the word KILLER, find the number of different arrangements of four letters that can be made.  [Ans: 192]


Solution







































































( 3.5   Permutation with restriction


Example 3.9


In how many ways can 4 boys and 2 girls seat themselves in a row if 


the 2 girls are to sit next to each other,


the 2 girls are not to sit next to each other,


the 2 girls are to be separated by 2 boys between them?  [Ans: 240, 480, 144]


Solution


�
Example 3.10


In how many ways can 4-digit numbers greater than 5,000 be formed using the digits 0, 1, 2, 3, 4, 5 if 


a)   no digit may be repeated,


b)  all digits may be repeated,


c)  only the digit 4 may be repeated?  [Ans: 60, 215, 73]


Solution


�
( 3.6  Circular Permutations


In general, circular arrangement for n different objects is � eq \f(n!,n) � =  (n – 1)!





Example 3.11


How many arrangements can 4 boys be seated in a round table?  [Ans: 6]


Solution







































































Example 3.12


How many ways can 5 children sit around a circular table if 2 brothers are always


to sit next to each other,     		b)   separated?  		[Ans: 12, 12]


Solution


�
( 4  Miscellaneous Examples


Example 4.1  (NJC Prelim 97/1/11)


A bag contains 5 red marbles and 7 green marbles.  A cluster of 4 marbles are to be drawn at random from the bag without replacement.  Find the number of possible clusters if at least


2 green marbles must be chosen	


1 of each colour must be chosen. 	 [Ans: a) 420  b) 455 ]


Solution


�
Example 4.2  (RJC Prelim 97/1/11)


In a certain store, a shirt comes in 3 colours, blue, green and yellow; and a blouse comes in 4 colours; yellow, purple, red and green.  A woman wants to buy a shirt and 2 blouses for her three children who wear different sizes of clothes.  How many ways can she make her purchase if the colours of the shirt and the blouses must all be different?    [Ans: 24 ]


Solution

































































Example 4.3  (NYJC Prelim 97/1/5)


Find the number of permutations of the 7 letters of the word ADDRESS in which the letter R


a)  is the middle letter	b) does not come first or last.  		[Ans: a) 180  b) 900]


Solution





�
Summary (Permutation and Combination)





The number of ways of arranging n unlike objects in a line


�
n!�
�
The number of ways of arranging in a line n objects of which p of one type are alike, q of another type are alike, r of a third type are alike, and so on.


�



� eq \f(n!,p!q!r!…) ��
�
The number of ways of arranging n unlike objects in a ring when clockwise and anticlockwise arrangements are different.


�



(n-1)!�
�
The number of ways of arranging n unlike objects in a ring when clockwise and anticlockwise arrangements are the same.


�
� eq \f((n-1)!,2) �


�
�
The number of permutations of r objects taken from n unlike objects.


�
nPr = � eq \f(n!,(n-r)!) ��
�
The number of combinations of r objects taken from n unlike objects.�
nCr = � eq \f(n!,r!(n-r)!) ��
�
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