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( 1   Notations/Definitions

1.     n factorial 
=  n! 



=  n (n – 1)(n – 2)(n – 3)….(3)(2)(1)

2.     0!

=  1

3.     nCr

=  number of selection of n unlike things taken r at a time



=   eq \b(\a\ac(n,r)) 


=   eq \f(n!,r!(n ( r)!) 


=   eq \f(n(n ( 1)(n ( 2)…(n ( r + 1),r(r ( 1)(r ( 2)…(3)(2)(1)) 
4.     nCr

=  nCn ( r
Example 1.1

Evaluate the following:

a) 4! 
  =

b)  eq \f(8!,5!) 
  =

c) 6C2 
  =

d) 20C18  =

e) 20C2
  =


( 2   The Binomial Theorem

The Binomial theorem states that for any positive integral value of n i.e n ( Z+ , the expansion of (x + y)n is given by:

(x + y)n 
= xn +  eq \b(\a\ac(n,1)) xn – 1y +      eq \b(\a\ac(n,2)) xn – 2y2     + … +                 eq \b(\a\ac(n,r))  xn – ryr             + … +  eq \b(\a\ac(n,n ( 1))  x yn( 1  yn 


= xn +    n xn – 1y +  eq \f(n(n ( 1),2!)  xn – 2y2 + … +  eq \f(n(n ( 1)…(n ( r + 1),r(r ( 1)…(3)(2)(1))  xn – ryr + … +         nx yn – 1  +  yn
Note: 

a) The expansion of (x + y)n consists of (n + 1) terms.

b) The (r + 1)th term is  eq \b(\a\ac(n,r)) xn – ryr or coefficient of yr =  eq \b(\a\ac(n,r)) xn – r
c) If we write (– y) in place of y, we get

 (x ( y)n 
= xn (  eq \b(\a\ac(n,1))  xn – 1y +   eq \b(\a\ac(n,2))  xn – 2y2  + … +   eq \b(\a\ac(n,r))  xn – r((y)r  + … +  eq \b(\a\ac(n,n ( 1))  x ((y)n ( 1 +  (( y)n 

The terms are alternately positive and negative.

Example 2.1

Write down the binomial expansion of: a) (2x + 3y)4 
  b) (x (  eq \f(1,x) )5      c) (2x (  eq \f(1,x) )4 

[a) 16x4 + 96x3y + 216x2y2 + 216xy3 + 81y4  b) x5 – 5x3 + 10x – 10x – 1 +5x – 3 – x( 5 c) 16x4 – 32x2 + 24 -  eq \f(8,x2)  +  eq \f(1,x4) ]

Solution

Example 2.2

Use the binomial expansion of (1 + x)7 to find the value of (1.002)7 correct to 6 sig. fig. [1.01408]

Solution

Example 2.3

Find n if the coefficient of x3 and x4 in the expansion of (2 + x)n are in the ratio 4 : 11.  [n = 25]

Solution

Example 2.4

Write down the binomial expansion of (1 + x)2 (1 – 5x)14 in ascending powers of x, as far as and including the term in x2.  [1 – 68x + 2136 x2 + … ]

Solution

( 3   The Binomial Series

For any index n, n ( (, (1 + x)n = 1 + nx +  eq \f(n(n ( 1),2!) x2 +  eq \f(n(n ( 1)(n ( 2),3!)  x3 + … +  eq \f(n(n ( 1)…(n ( r + 1),r!)  xr + …

provided  (x( < 1  (i.e. – 1< x < 1).

This is called the binomial series.  Some examples are given below:

(1 + x)( 1 = 1   + (( 1)x      +  eq \f((( 1)(( 2),1.2) x2     +   eq \f(((1 )(( 2)(( 3),1.2.3)  x3     + …


= 1    (       x      +     x2                 (            x3                  + …

provided (x( < 1

(1 – x) – 1 = 1  + (( 1)(( x) +  eq \f((( 1)(( 2),1.2)  (( x)2  +   eq \f(((1 )(( 2)(( 3),1.2.3)  (( x)3 + …


 = 1  +        x      +     x2                 +            x3                  + …

provided (x( < 1

(1 + x)( 2 = 1   + (( 2)x      +  eq \f((( 1)(( 2),1.2) x2     +   eq \f(((1 )(( 2)(( 3),1.2.3)  x3     + …


= 1    (       2x     +    3x2                (          4x3                  + …

provided (x( < 1

Note:

a) If n is a positive integer, the series is a finite series with (n + 1) terms, and the condition (x( < 1 is not necessary.

b) If n is not a positive integer, such as n = -1,  eq \f(1,2) ,  eq \f(3,2) , etc. the series is an infinite series and the condition 

(x( < 1 is necessary to assume that the series converges i.e. the sum of the infinite series exists.

c) To find the expansion of (a + x)n where n is not a positive integer, we should rewrite as follows:

(a + x)n 
= [a (1 +  eq \f(x,a) )]n


= an (1 +  eq \f(x,a) )n 



= an [1 +
( eq \a\ac(n,1) )( eq \f(x,a) ) + ( eq \a\ac(n,2) )( eq \f(x,a) )2 + … ]



= an [1 +
n ( eq \f(x,a) ) +  eq \f(n(n - 1),2!)  ( eq \f(x,a) )2 + … ]

provided ( eq \f(x,a) (< 1 i.e. (x( <(a( 

d) If n =  eq \f(p,q) , we have (1 + x)p / q = 1 +    eq \f(p,q)  x   +   eq \f(( eq \f(p,q)  - 1),2!) 
 x2  +   eq \f(\f(p,q)(\f(p,q) - 1)(\f(p,q) - 2),1.2.3)x3 +  …
provided (x( < 1.

Example 3.1

Write down the first four terms in the expansion in ascending powers of x of the following expansion.  

In each case, state the range of values of x for which the expansion is valid. a) (1 – 2x)1 / 2     b)  eq \f(x,1 - x2) 
[a) 1 – x -  eq \f(1,2) x2 -  eq \f(1,2) x3  - …   (x(<  eq \f(1,2)       b)  x + x3 + x5 + x7 + …       (x( < 1  ]

Solution

Example 3.2

State the necessary conditions for expanding the following functions in ascending powers of x and find the first 3 terms of the expansion.  a)    eq \f(x,(1 + 2x)(1 + 3x))     b)  eq \f(1,x2 - 4) 
[a)  x – 5x2 + 19x3 + …     (x(<  eq \f(1,3)      b)  -  eq \f(1,4) -  eq \f(x2,16) -  eq \f(x4,64) + …     (x( < 2  ]

Solution

Example 3.3

Express f(x) =  eq \f(3x + 2,(x - 1)(x + 4)) in partial fractions and hence give the first four terms in the expansion of f(x) in ascending powers of x.  State the range of values of x for which the expansion is valid.

[  eq \f(1,x -1) +  eq \f(2,x + 4) ,  -  eq \f(1,2) -  eq \f(9,8) x -  eq \f(31,32) x2 -  eq \f(129,128) x3 - …     (x( < 1  ]

Solution

Example 3.4

Given that x > 1, write down the first four non-zero terms in the expansion of  eq \r(,1 + x2) and hence obtain an approximate value of  eq \r(,26)  to four places of decimals.  [x +  eq \f(1,2x) -  eq \f(1,8x3) +  eq \f(1,16x5)  + …  , 5.0990 ]

Solution

Example 3.5

Give the first three terms in the expansion in descending powers of x of (x +  eq \f(2,x) ) 1 / 2.  State the range of values of x for which your expansion is valid.  Hence, evaluate  eq \r(,4.5) to 4 sig. fig. 

[ x1 / 2 + x - 3 / 2 -  eq \f(1,2) x – 7 / 2 + …  (x( >  eq \r(,2) , 2.121]

Solution

Example 3.6 (TPJC 00/1/1 modified)

Obtain an expansion of  ( eq \f(2x + 1,x) )(1/3 in descending powers of x up till the first four non-zero terms.  State the set of values of x for which this expansion is valid.  [2 – 1/3 (1 (  eq \f(1,6x) +  eq \f(1,18x2) (  eq \f(7,324x3) + …) valid for (x(>  eq \f(1,2) ]

Solution

Example 3.7  (RJC 95/1/2)

Expand  ( x + 1)1/3 up to the first four terms in ascending powers of x and hence show that  eq \r(3,0.8) (  eq \f(376,405) .

[1 +  eq \f(1,3) x -  eq \f(1,9) x2 +  eq \f(5,81) x3 + …]

Solution

Example 3.7 (VJC 01/1/14)

Expand  eq \r(5,1 + x) in ascending powers of x, up to and including the term in x2.   eq \r(5,33)  may be expressed in the form n  eq \r(5,1 + x) where n is an integer and x is a real number.

i)  Find n where x =  eq \f(1,32) .  Hence estimate  eq \r(5,33)  using the above expansion, leaving your answer as a fraction.

ii) Find x when n = 3, leaving your answer as a fraction.

By comparing the two values of x in (i) and (ii), and without evaluating the estimation of  eq \r(5,33) in (ii), explain which estimation of  eq \r(5,33)  will be a better approximation.

[1 +  eq \f(1,5) x (  eq \f(2,25) x2 + … |x| < 1, n = 2,  eq \f(12879,6400) , x = (  eq \f(70,81) , (i) is better] 

Solution

Example 3.8 (TJC 01/1/2)

When (1 + px)q is expanded in ascending powers of x, the coefficients of x and x2 are ( 6 and 27 respectively.  Find i)   the values of p and q.

        ii)  the coefficient of x3 in the expansion. 

        iii) the range of values of x for which the expansion is valid.

[q = (2, p = 3, ( 108, |x|< eq \f(1,3) ]

 Solution

SUMMARY (Binomial Expansion)
For any positive integral value of n i.e n ( Z+, 

(x + y)n 
= xn + ( eq \a\ac(n,1) )xn – 1y +     ( eq \a\ac(n,2) )xn – 2y2     + … +                ( eq \a\ac(n,r) )xn – ryr             + … + ( eq \a\ac(n,n - 1) )x yn - 1+  yn 


= xn +    n xn – 1y +  eq \f(n(n - 1),2!)  xn – 2y2 + … +  eq \f(n(n - 1)…(n - r + 1),r(r - 1)…(3)(2)(1)) xn – ryr + … +         nx yn – 1  +  yn
Note: 

a) The expansion of (x + y)n consists of (n + 1) terms.

b) The (r + 1)th term is ( eq \a\ac(n,r) )xn – ryr or coefficient of yr = ( eq \a\ac(n,r) )xn – r
c) If we write (– y) in place of y, we get

 (x - y)n 
= xn - ( eq \a\ac(n,1) )xn – 1y +  ( eq \a\ac(n,2) )xn – 2y2  + … +  ( eq \a\ac(n,r) )xn – r(-y)r  + … + ( eq \a\ac(n,n - 1) )x (-y)n - 1 +  (-y)n 

The terms are alternately positive and negative.

For any index n, n ( (, 

(1 + x)n = 1 + nx +  eq \f(n(n ( 1),2!) x2 +  eq \f(n(n ( 1)(n ( 2),3!)  x3 + … +  eq \f(n(n ( 1)…(n ( r + 1),r!)  xr + … provided (x(< 1 

Some commonly used expansions:

(1 + x)- 1 = 1   + (- 1)x      +  eq \f((- 1)(- 2),1.2) x2     +   eq \f((-1 )(- 2)(- 3),1.2.3)  x3     + …


= 1    -        x      +     x2                 -            x3                  + …

provided (x( < 1

(1 – x) – 1 = 1  + (- 1)(- x) +  eq \f((- 1)(- 2),1.2) (-x)2  +   eq \f((-1 )(- 2)(- 3),1.2.3) (- x)3 + …


 = 1  +        x      +     x2                 +            x3                  + …

provided (x( < 1

(1 + x)- 2 = 1   + (- 2)x      +  eq \f((- 2)(- 3),1.2) x2     +   eq \f((-2 )(- 3)(- 4),1.2.3)  x3     + …


= 1    -       2x     +    3x2                -          4x3                  + …

provided (x( < 1

Note:

a) If n is a positive integer, the series is a finite series with (n + 1) terms, and the condition (x( < 1 is not necessary.

b) If n is not a positive integer, such as n = -1,  eq \f(1,2) ,  eq \f(3,2) , etc. the series is an infinite series and the condition 

(x( < 1 is necessary to assume that the series converges i.e. the sum of the infinite series exists.

c) To find the expansion of (a + x)n where n is not a positive integer, we should rewrite as follows:

(a + x)n 
= [a (1 +  eq \f(x,a) )]n


= an (1 +  eq \f(x,a) )n 



= an [1 +
( eq \a\ac(n,1) )( eq \f(x,a) ) + ( eq \a\ac(n,2) )( eq \f(x,a) )2 + … ]



= an [1 +
n ( eq \f(x,a) ) +  eq \f(n(n - 1),2!)  ( eq \f(x,a) )2 + … ]
provided ( eq \f(x,a) (< 1 i.e. (x( <(a( 

d) The binomial expansion is also valid if n is a fraction, i.e. if n =  eq \f(p,q) , we have

(1 + x)p / q = 1 +    eq \f(p,q)  x   +   eq \f(( eq \f(p,q)  - 1),2!) 
 x2  +   eq \f(\f(p,q)(\f(p,q) - 1)(\f(p,q) - 2),1.2.3)x3 +  …

provided (x( < 1.


FUN FACTS!

No piece of paper can be folded more than 8 times.

Do you know why?
