
���������	��
������������
����	������������
�� ���"!#��$%����&'�%���#$)(��+*,�-���
$%�.� �����/�0���213&�
4��5��#$6�7*8�#5�$9�

:<;.=?>A@�=CB?D4EGFGHJILK�DGM9>
NOILK�FGP�B?F4QSRUTCV2W

X)Y[Z]\�^L_a`a`�b"cad ef\�g
h i Y[jLY[kmlaZCY]nonqpm\ar	Xs\4t i pul iov c4wLxLy
z i \4nf\�kJe�Y]nonqpm\arO{Lpsks\�_,|L|Ly

z2}�~���Y]km��\�g2rOwaxsd `a|md �.jm��|,�ud _a|sd�~��
�Upst���\G�+e��s\Gla��Y]ksjJn�r	lanqe io�a� � v nfY]�4n

��e�Y�n�nq� ��� k�ef�ul�e�Y]k������s�+�������2� �7���m�o�,�+ ���¡�¢a�f£,¤4���¥£��A�¦���¨§	�����¨©"���s�����+¤�£,�ª�¦�,�0�q¡/���C���A¢, ��
Y]k�nqeol,efY � kml ifv n � la��\a�.ef�s\«efY]¬\ i pmkmnnqZ ��� \ i l,eef�s\���Y�nqeol,ku��\«® if� ¬<l,k v¯� tmnq\ i �L\ i d
°��s\® �Li ¬±psZ]l�® �Li � � ¬ � ja\�km\ � pun��2ks\Gl i Z v�² l�e/n � la��\³Y]n

dτ/dt = e−r/R � � �s\ i \ τ
Y]n

�sio�a� \ i eoY[¬\a�
t
Y]n�� �U�ai ��Y]kml�eo\�eoY[¬\a�

r
Y]n´�sY]nqeolakm��\«® io� ¬<eo�s\ � tunq\ i �L\ i �.l,km�

R
Y�n

�µ���m�"�¥�����C� �´�o£a¶���·U���q¡´�¸�s��·��m��¤����"����¹
R = c/

√
4πGρ

� �m\ i \
c
Y]n±n � \�\G� � ®�Z[Y]ja�JeG�

GY�n»º�\ � e � ksY�l,k�j i l��UY¼e"l�efY � kul,Z�� � kmnqeolakJe4�.lakm�
ρ
Y�n³��\�kmnfY[e v� ® ¬³l,eqef\ i Y[k½n � lL��\�psk�b

��\ i � � kmnfY���\ i l�eoY � ku¾+d»°��s\±\�¿?\G�+eG����laZ[Z]\4�À�s\ i \»ef�s\´¢J���C���o£�Á	�A��Â��¶���Á[£,�ª�¦�,�m�%¬Y]ja�Je7tu\
� tunq\ i �L\4��lLn£,�?�,Â£,Á[��·U�+Á� �Á[£,�ª¢J� i \G�snf�sY¼®�e"nÃY[k0Z[Y]ja�Je�� � ¬Y[ksj�® io� ¬-Y]kLeo\ i Y �Li n � ®µZ]l i jL\
�ai ��\�kmnf\���Z � pm�sn � ®���pmnqe�¹¦lLn�\Ld jud#ef�s\ � � � Z]\´psksY]�a\ i nf\G¾�lakm�l���\ i eol,Y]k¯la�m��Y¼eoY � kml,Z
¶� ��C£�Â»�¦©"£�ÁU¡"�+�¦©��A�¦���´\�g � \ i Y]\�km��\4��t v ¬ � �UY[ksj � ts��\4�+e"n�dO°��m\7Z[Y]ja�Je�nf� � psZ���\�g��sY]tsY¼eG��e �
Ämi n�e»l �s�sio� g�Y[¬³l,efY � k9�%l i \G�snq�mY¼®�e � \ i psksY[e � ®���Y�nqeol,ku��\

Z/r = 1/R
l,ku�0ef�s\�lL�s��Y[b

efY � kul,Z.� v kmla¬Y]�4l,ZO® i Y��+efY � kÅ\�g � \ i Y]\�km��\4�Åt v lak v ¬ � �JY]ksj � t���\4��e
c2/R

d#°��s\´\�¿?\G�+e
nf� � psZ��³nfY[¬±psZ]l,ef\�lL����\�Z]\ i l�efY]ksj�\�g � lakmnfY � k � ®9n � lL��\ � Y[ef��Æ�pststsZ]\aÇ n � l i l,¬\�eo\ i l,eOef�s\
� tunq\ i �L\ i

H0 = c/R
l,km��ef�s\la�4��\4Z[\ i l,efY � k � ®.ef�sY�n � l i l,¬\�eo\ i

dH/dt = (c/R)2/2
d

°��s\���\4kmnqY[e v�� ®?��pmnqe
6×10−27kg/m3

Y[¬ � Z]Y[\Gn)ef�s\�Z ��� \ i Z[Y]¬Y¼e � ®?� v kmla¬»Y���laZU® i Y��+eoY � k
\�g � \ i Y[\4km��\G��t v7� ts��\4�+e"n)¬ � �UY]ksj�Y]k�eo�sY�n	n � lL��\

7×10−10m/s2
�
H0 = 70km/s/Mpc

�
l,ku�

dH/dt = 2.5 × 10−36s−2
dÅ°��s\#n � lL��\�efY]¬»\�¬\�e i Y��´Y]¬ � Z[Y]\4�Èt v eo�s\�\�¿?\G�+e»Y]n

ds2 = c2e−2r/Rdt2 + (2c) sinh(2r/R)dtdr − e2r/Rdr2
d

É�ÊCË4Ì�Í%Î�Ï)Ð,ËGÑ¦Í?Ê °��s\.nfpst���\G�+e � ®Jef�mY]n � l � \ i Y�n2¬³l,Y]ksZ v eo�s\.��laZ]��psZ�l�efY � k � ®Ueo�s\Ol,¬ � pmkLe
� ®�¶, ��?£,Â±�¦©"£�Á4¡"�+�¦©��A�¦���Ò]ca��_���^s�G�m��y�ÓU\�g � \ i Y]\�ku��\4��t v�� � � e � kmn�Y[k»l�k � k�\�¬ � e v ��� � ¬ � b
ja\4ks\ � pmn4�,n�e"l�efY � kul iov ��ks\Gl i Z vÃ² l,e	n � lL��\7¹¦laZ¼eo� � psjL��eo�s\ i \GnqpsZ[eon4�,t?\�Y]ksj�k � eO��\ � \4km��\4kLe
� k»eo�s\�n � \4\4� � ®Cef�m\�¬ � �JY]ksj � ts��\4�+eG�a¬Y]ja�JeOtu\ l �s� Z]Y]\4�\4ÔJpmlaZ[Z v�� \�Z]Z�e � l,k v�� ts��\4�+e+¾+d

Õµ\4�4l,pmnf\ � ®�ef�s\�� � kmnf\ i ��l�eoY � k � ®�\4ks\ i j v ef�s\ � � � e � kmn��ul��a\�e � \�g � \ i Y]\�km��\�n � ¬\
¶� ��C£�Â»�¦©"£�Á�¡"�+�¦©��A�¦��� i \GnqpsZ[efY]ksj�Y]k±eo�s\�Y iOi \4�snf�sY[®�e4d���®?ef�s\ v ��Y���k9Ç eOef�m\�k³Y]k �mi Y]km��Y � Z]\�ef�s\
¬³l�efef\ i � � psZ��´t?\Ã�4l ioi Y]\4��l � l v Y[k � � � e � kunµlakm�³eo�s\�k i \�efp i ks\G�´Y]k � � � e � kmn � Y¼eo� � p�e
l,k v Á[���"�³�q¡´���C���ª¢a �d»��e �µ� pmZ]�¨�ml��a\»��lapmnq\G�Àl�ef\4¬ �u�Li l ifv �"�mlaksja\ � ®µj i l��JY[eol,efY � kmlaZ
Ä \4Z]��ef�ml,e�� � psZ���t?\±pmnf\4��e � � i \4l�eo\/\4ks\ i j v ef�s\nol,¬\ � l v lLn�Y[e�Y]n�� � ks\/Y]k¨l´efY��sl,Z
�?��� \ i´� Z�l,kJe�tsp�e�Y[kÖeo�sY�n���lLnq\#eo�s\�\4ks\ i j v×��� psZ]�½t?\À� i \Gl�ef\G�×® if� ¬Øk � ef�sY]ksjudÙ��e
�µ� psZ���k9Ç e t?\ �?� nonqY]tsZ]\/Y]k�ef�m\ �µ�ai Z]�#Y]k � �sY��"��\4ks\ i j v Y]nÃ� � kmnq\ i �L\4�2d���eÃnol v n�ef�ml,e Y[®

c



\�km\ i j v Y�nO� � kmnf\ i �a\G�/eo�s\�keo�s\ � � � e � kmnO�4l,k9Ç e.¬ � �a\�l if� pskm�»Y[k´l�� � ¬ � jL\�ks\ � pmn4�anqeol�b
efY � kul iov n � la��\ � Y¼eo� � pseµl,k v �f�"¶��f�U� ¡"�2lakm� � tU�UY � pmnfZ v ef�s\ i \��mlanOe � t?\ l�j i l��JY[eol,efY � kmlaZ
i \4lan � k�® �ai Y[e4d

°��s\ i \4lan � k���l,k%Ç e�t?\�ef�s\�¬ v eo�sY]�4l,Z	�A���f�"¶Á��¼¢��U���¦Ú �o©��O¹¦l i \4�snf�sY[®�e � Y¼eo� � pse�l� �ai b
i \4n �u� km��Y]ksj�efY]¬\���Y]Z]l,efY � ku¾	nfY]km��\�Y[e�Y�n	k � e �u� nfnfY]tsZ[\�Y]k��f��Á[£��A��¤G���"�A�¦©�¢a�f£�¤G���¥£��A�¦��� � �m\ i \
ef�m\ � � � Z]\ � � v nfY]�4n7Y]n���pmnqe�ef�s\Å©�·��+¤�£��A·��f�«��¡�AÛm£a©"��¹�ef�ul�e/Y�n � tJ�UY � pmnfZ v ��lapmnfY[ksj�k �
i \4�snf�sY[®�e"¾µl,km��ef�m\³�ª��Â³�/¶,��Á[£��A�¦���ud�� � Y¼e��ulan�e � t?\ eo�s\³�A��Â�±¶���Á[£,�ª�¦�,�À¹�eo�s\ÃefY]¬»\ i psk�b
ksY]ksj�nfZ ��� \ i l,eOef�s\ n � p i ��\ � ®2Z[Y]ja�Je+¾+�,eo�s\�nol,¬\�lanOY¼e.Y�nOY]k»ef�s\ � \4Z[Zupskm��\ i nqe �U� �»\�¿C\4�+e
� ® ef�s\�� � ¬¬ � k�¢a�f£,¤4���¥£��A�¦���C£�Á��f�"¶��q��� ¡"�ªd½Æ ��� \��L\ i �	psksZ]Y[ÜL\�Y]k×ef�s\�� � ¬¬ � k×j i l��UY[b
eol,efY � kmlaZ i \4�mnq�sY[®�e4� � �s\ i \�eo�s\ i \G�snq�mY¼®�e7�"�ml,kmja\4n�e � ef�m\±tsZ]ps\Gnq�sY[®�e � �s\�kÀef�s\ � � � e � k
¬ � �a\Gn tula�"Ü�t v ef�s\´nol,¬\ � l�eo�9�9eo�s\\�¿C\4��e � ®µ� v kmla¬Y]�4l,Z�® i Y]��efY � k0�mlan e �#�sio� ��pm��\
l i \4�mnq�sY[®�e±Y]k×lak v ��Y i \4�+eoY � k9d�Upm�"�Èl i \G�snq�mY¼®�e»Y]n±k � e �?� nonqY]tsZ]\´Y[kÈef�s\#º�\ � e � ksY]lak
¬ � ��\�Z � ®9j i l��UY[e v±� Y[ef��Y¼e"n�� � kunq\ i ��l�eoY[�L\�j i l��UY¼e"l�eoY � kml,Z Ä \�Z���n � ef�m\ \�¿?\G�+e�¬/pmnqeµt?\�l
�f��Á[£��A��¤G���"�A�¦©��ªÚ��"©��)lakm��n � Y]n�ef�m\#¶, ��?£�Â»�¦©"£�Ás¡"�+�¦©��ª�¦�,��\�g � \ i Y]\�km��\4��t v#� � � e � kmn��2lakm�
Y[e�Y�n���laZ[Z]\4���s\ i \a�C�f��Á[£��A��¤G���"�A�¦©/¶, ��?£,Â±�¦©"£�ÁJ¡"�+�¦©��A�¦���udO°��s\ � � v nfY���l,Z i \4lLn � k® �ai Y¼e�¹¸efY]¬»\
i psksksY]ksj�nfZ ��� \ i l � l v ® io� ¬Ýef�m\ � tmnf\ i �a\ i l,ku�#Y[k�lak v ��Y i \G�+eoY � ku¾�Y�n���laZ[Z]\4�#�m\ i \7ef�s\
¢J���C���f£,Á9�A��Â�»¶���Á[£,�ª�¦�,�md
°��s\�Y]¬ � Z]Y]�4l�efY � kun � ®�ef�m\/\�g�Y�n�eo\�km��\ � ®.¢J���C���f£,Á��A��Â³�»¶,��Á[£��A�¦���#l i \�ef�ul�e�eo�s\/Z]Y[jL�Je

nfY[jLkml,Z�nµY[k �si \4nf\�km��\ � ®�¬³l,eqef\ i l i \�k � e�efY]¬\ i \4�a\ i nfY[tmZ[\�l,km�«n � eo�s\�n � la��\�efY]¬\�¬»\�eqb
i Y]�³¬±pmnqe±� � kLe"l,Y]kÅefY]¬\�b¥n � lL��\�� if� nfnÃeo\ i ¬³n�Y]kÈl,k v � �U�ai ��Y]kml�eo\´n v nqef\�¬#d�°��s\ i \�® �ai \
¬\�e i Y���eo\�kmn �aiÃ� ®µn � lL��\�efY]¬»\L�?e � l�� � Y���l �u� nfnfY[tmY[Z]Y¼e v#� ®���Y�l,j � kml,Z]Y]Þ4l�eoY � k9�?�mlan�e � tu\
k � k#n v ¬¬»\�e i Y]��lLn �sif�L�u� nq\G��t v �.Y[kmnqef\4Y[kÒ `�Ó�lakm�#��\�jL\�ks\ i l,ef\�lan �mif�L�u� nq\G�´�s\ i \Ãe �
i \�¬ � �a\�n � ¬\�la�m��Y¼eoY � kml,ZmY[km�s\ � \�km��\4km��Y]\4n � ®2Y[eonOef\ i ¬³n.l i Y�nqY]ksj�® io� ¬�ef�s\ �si \Gnq\4km��\ � ®
ef�m\±l,kJeoY]n v ¬»¬\�e i Y]� � l i eG�ulakm�«e � � � p � Z[\7eo�s\´�A��Â�³¶,��Á[£��A�¦����e � ef�s\³�AÛm£a©"�³©�·��+¤�£,�ª·��f�
e � ÜL\�\ � eo�s\ �si Y]km��Y � Z]\ � ®�� � kmnq\ i ��l,efY � k � ®)\4ks\ i j v ��laZ[Y��0Òàß4Ó�d

h ks\ � ®	ef�s\»� � kmnq\GÔJps\�km��\4n � ®�ef�s\l,t � �a\7Y�n�ef�ml,e Y[e Y]¬ � Z[Y]\4nÃl��C���má¦â �¦��Â£,�m�u�¦£��m�
ja\ � ¬\�e ifv³� ®%eo�s\7n � lL��\�efY]¬»\³¹�ãO���m�+Á[����¢J�"��Â³���A�+ �¾+�un � l,Z]ZCef�s\Ãeo�s\ �Li Y]\4nµtmlLnq\G� � k«ä�Y]\�b
¬³l,kskmY]lakja\ � ¬\�e iov ¹¸¬ �ai \´\�gslL�+efZ v r�Û?����·m¶L��á¦â �¦��Â³£��u�m�¦£,�J¾/¬/pmnqe±ks\G��\Gnfnol i Y[Z v � � k�b
e i la�sY]��e�ef�s\ �si Y]km��Y � Z]\ � ®�� � kmnf\ i ��l�eoY � k � ®�\�km\ i j v �slakm�#lan�nfpm�"��ef�s\ v � � k9Ç e�l �s� Z v e �
ef�m\ i \Gl,Z �µ�ai Z]�2d

°��s\¢L���?���f£�Á��A��Â�³¶,��Á[£��A�¦���#�mlLn�t?\�\4k¨laZ � l v n�� � kmnqY���\ i \G��ks\�jLZ[Y]jaY]tsZ]\±lakm�#e � ef�s\
t?\4nqeµÜUk ��� Z]\4��jL\ � ®%ef�sY�n�l,p�eo� �ai Y¼e�Y�n�k � e�Y]km��Z[pm�s\4�´Y]k�lak v � � kJef\4¬ �u�Li l ifv � � nq¬ � Z � jab
Y���l,Z�ef�m\ �aiov ¹�® �aiÃ� tU�UY � pmn i \Glan � kmn�Y]kÀk � ks\ � ®Oef� � nf\�tmlanf\4� � kÀä�Y]\�¬³laksksY�l,k�jL\ � ¬\�b
e iov ¾+d)z � nonqY]tsZ v ® �ai eo�sY�n i \Glan � k±Y¼eO�mlLn	t?\�\�kks\4�a\ i ��\�eo\ i ¬»Y]ks\G�±\�gsla�+eoZ v/�ai l�eOZ]\4lLn�e	Y[eon
��\ i Y]��l�efY � k�Y]n�k � e � Z�la��\4�´km\�Y[ef�s\ i Y[k�ef\�gUeft �J� Ü�n � k#� � nf¬ � Z � j v Ò x��swm�2c4|��9cLc,�2cG_��2c4^��
c��,Ómk �ai Y]k»ef�s\�t �U� Ü�n � ®?ef�m\ �a�s�?� ks\4kJeon � ®?ef�m\�� � kJeo\�¬ �u�Li l ifv � � nf¬ � Z � jaY���laZaeo�s\ �Li Y]\4n
Ò]cGyGÓ�d	° �/Ä Z[ZCp � ef�sY�n�� � Y��³Y[eµY�nµ��l,Z���pmZ]l,ef\4�t?\�Z ��� l,ku��l,Z�n � ef�s\ i \ Y]n �sio�a�?� nf\4�³l�¹¸k � k
ä�Y]\�¬³l,kmksY]laku¾�n � la��\�efY]¬\�¬»\�e i Y]��� � kmnfY]nqef\4kJe � Y[ef�«eo�sY]n�\�¿C\4�+eGd

°��s\.e �U� Zaef�ml,e��mlLn%t?\�\4k/l �s� Z[Y]\4��e � � � ef�s\���laZ]��psZ]l,efY � kmn9Y]n%ef�s\�å/��§	���,�m�¦£,�³Â�G¶a��Á�d
��e�Y]n �u� nfnfY]tsZ[\�e � l �s� Z v ef�s\Ãº�\ � e � kmY]lak´¬ � �s\�Z i Y]j �Lif� pmnfZ v �m\ i \ nfY[km��\ � �ml,e�Y�n��4l,Z���p�b
Z�l�ef\G�´Y�n � ksZ v ef�m\�æ¥j i l��UY¼e"l�eoY � kml,Zs\4ks\ i j v æ�jJl,Y]ks\4��t v eo�s\7l i tsY[e i l i Y[Z v nfZ ��� ¬³l�eqeo\ i Y]k
l,k´l i tmY¼e i l i Y]Z v�² l�e�n � la��\�l�®�eo\ i eo�s\ � � � e � kmn	�mlL� � lanonf\4�»t v d	°��s\�e i Y��"Ü/Y�n	e � Y[kU�a\Gn�eoY¼b
jLl,ef\�ef�s\�Y]¬ �mi Y]kJe�eo�ml�e�ef�m\ � � � e � kmnµ�ml��a\ Z[\�®�e � k´eo�s\�nqZ ��� ¬³l�efef\ i lakm�³e � � � km��Z[pm�s\
® io� ¬6ef�mY]nÃY]¬ �mi Y]kJe � �ml,eÃ¬±pmnqeÃ�ml��L\/�ml �s� \�ks\G��e � ef�m\ � � � e � kmnÃY[kÀef�s\ i \4l,Z �µ�ai Z]�2d
°��sY�n � l v ef�s\�n � \4\4� � ® � � � e � kmn»� � \4nfk9Ç eja\�e»��Y i \4�+eoZ v Y]kJe � ef�s\#��laZ]��psZ�l�efY � kun±lakm�
n � ef�s\/�4l,Z���psZ�l�eoY � kmn�� � ¬ � Z v�� Y¼eo��t � ef� i psZ]\4n � ®�� �aioi \G�+e�l �s� Z[Y���l,efY � k � ®Oº�\ � e � ksY]lak
¬³l�eo�9r��?��¢aÁ��¼¢a�¦ç�Á[�³¤���Á[�G©����A�¦�+�Ãl,km�È�?��¢,Á¼�¼¢,�¦ç�Á[�´©�·��+¤�£,�ª·��o�³��¡/�ªÛm£a©"��d7°��s\��A���f�"¶«Á��¼¢��U� �ª¡"á
¡��"©��A� � �sY]Z[\ k � eµtu\4Y[ksj»l i \4laZm\�¿C\4��e4�UY�n.nfY[¬±psZ]l,ef\G��¹¸Y]k�l�® �Li ¬ � ®�¶� ��?£,Â±�¦©"£,Á,¡"�+�¦©��A�¦���U¾+�
nfY[¬Y]Z]l i Z v lan � eo�s\ iÃÄ ��efY[efY � pmn�º�\ � e � ksY�l,k0\�kJefY[efY]\4n¹¦lLnÃ\ad jmd»¢a�f£,¤4���¥£��A�¦���C£�Á�£,�ª�A�f£a©��A��¤��
¡����o©o� �ai ¢a�f£,¤4���¥£��A�¦���C£�Á	���C���ª¢a �¾�l i \7nfY[¬±psZ]l,ef\G� � Y[ef� � p�e�t?\�Y]ksj i \�Z�l�eo\4� � � v nqY���laZ[Z v e �
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ef�m\ i \Gl,Z �µ�ai Z]�2d´è \4n � Y[ef\eo�s\´Z�la�"Ü � ® � � v nqY���laZ i \4Z]l,efY � k9�9ef�s\4Y i ¬³l,ef�9�)Y[kl«ÜUY[ku� � ®
¬³l,jLY]�4l,Z � l v ¹¦Y[k�®¦lL�+e³t v l,kmlaZ � j v t?\�e � \�\�k�eo�s\�º�\ � e � ksY�l,k�¬³l�eo�½lakm�Èef�s\Å�A��Â�
¶���Á]£��A�¦���J¾�� �sio� ��pm��\Gn.l i tsY[e i l i Y]Z v la����p i l�ef\ i \GnqpsZ[eon � �s\�km\��a\ i eo�s\ n � lL��\�Y�n�l i tmY¼e i l i Y]Z v
² l,e4dO� �»� �s\�ks\4�a\ i eo�s\ � � v nfY]�4n�lLnfnfp i \4nOef�ml,e�eo�s\7º�\ � e � ksY�l,k�¬l,ef��Y]n�la�4��p i l�eo\a�Lef�s\
��laZ]��psZ�l�efY � kun�l i \�� � km\�pmnfY[ksj�Z � ��laZ[Z v ef�s\/º�\ � e � ksY�l,k�¬³lajaY��,�ulLn�Y[e4Ç n � � ks\a�u\��L\�k#® �ai
� � nq¬ � Z � jaY���l,ZCl �m� Z[Y���l,efY � kmn4��t v´� eo�s\ i lap�ef� �ai n Ò]c4`�ÓAd

é«êLÌ�Ñ¦ësì�Ë4ÑªÍuÊíÍ?î³Ë4ï)êðÌ�êUñGÏ�ò¦Ë4ñó° �ÀÄ ku�¯eo�s\�l,¬ � pskJe � ®³¶� ��?£,Â±�¦©"£,Á%¡"�+�¦©��A�¦���Åeo�ml�e
� km\�nq� � psZ��±\�g � \G�+e.Y]kZ[Y]ja�JeOY]k´l7n�e"l�efY � kul iov psksY]�a\ i nf\���ps\�e � eo�s\ �si \4nf\�ku��\ � ®2¬³l�efef\ i
Z]\�epmn»¬laÜa\«l,k×lLnfnfps¬ � eoY � kef�ml,e±eo�s\#psksY]�a\ i nf\�Y�n±lak½�µ���m�+�������2� ���+��£,�ª�¦�,�?£,�+ Å¶,·U�"�
·��m��¤����"����¹¸Y�n � e io�a� Y��,� � Y¼eo�³\4lL�"��¶,·U�+�mÛm£��+�A�¦©�Á[� i \ �mi \Gnq\4kLeoY[kmj�l�jLl,Z�l�g v ¾+d)ô9\�e4Ç n.lanonfps¬\
ef�ul�e � � � e � kmnO� � k � e.� � Z[Z]Y���\ � Y¼eo�ef�ml,e���pmnqe4d	ô%\�e4Ç n	\Gn�e"l,tsZ]Y]nf�³l,k´l,gUY�n

r

l,km�³l � Z�l,km\
k �Li ¬³l,Zse �

r

l�e
r = 0

d)ô%\�eµZ[Y]ja�Je i la��Y�l�eo\�® if� ¬õeo�ml�e � Z�l,ks\�Y]k���Y i \4�+eoY � k
r

® �Li l�nf� �Li e
efY]¬\�� i \Gl�efY]ksj�l�nf�s\�\�e � ®�Z]Y]ja�Je � ®�ks\4jaZ]Y[jLY[tmZ[\eo�sY]�"ÜUks\Gnfn4d�ô9\�e

σ(r)
t?\´eo�s\�nfp i ®¦la��\

\�km\ i j v ��\4kmnqY[e v�� ®%eo�ml�e�Z]Y[jL�Je�nf�s\4\�e�l�e��sY]nqeolakm��\
r
® io� ¬öef�s\�n � p i ��\Ld

}�®�eo\ i ef�m\µZ]Y]ja�Je)�ulan i lL��Y�l�ef\G� � p�e�® io� ¬SY[eon	n � p i ��\a�Gef�s\�n � la��\�t?\�e � \�\4k�eo�s\�n � p i ��\
l,ku�#ef�s\ � Z�l,ks\ � ® � � � e � kmn�Y�n�k � e Y�n � e io�a� Y]�7lak v ¬ �ai \ad�°��m\±nqeol�eo\ � ®Oj i l��JY[eol,efY � kmlaZ
\4ÔJpsY]Z]Y[t i Y]ps¬ � ®Ã\Gla�"�Ö��pmnqe � l i efY���Z]\�t?\�e � \�\�k�eo�s\ � Z�l,ks\�l,e

r = 0
l,km�×ef�m\�nq�s\4\�e

� ®7Z]Y[jL�Je�l�e
r
�mlLn´t?\�\4kÖp � nf\�e�t v ef�s\0nqp i ®¦la��\�\�ks\ i j v ��\4kmnfY¼e v

−σ(r)/c2
� k½ef�s\

nfY]��\ � ® eo�s\Àn � p i ��\¹¸ef�s\�¬Y�nfnfY[kmj¬lLnfn»eo�ml�e��mlan³t?\�\4kÖ� � kU�L\ i ef\4�×Y]kLe � Z[Y]ja�Je�lakm�
e i l,kun�®¸\ ifi \4��Y]k � � � e � kmn e � ef�m\ � ef�s\ i nqY���\ � ®Oeo�s\ � l i efY���Z]\G¾��9l,km��ef�s\³nfp i ®¦lL��\±¬lLnfn
��\4kmnqY[e v

+σ(r)/c2
� k�ef�s\�nfY]�s\ � ®%eo�s\�nf�s\�\�e � ®�Z]Y]ja�Je4d

zO� v nqY���laZ[Z v � � �ml,e �mlLn��"�ml,ksjL\4�#t?\�e � \�\4k�ef�m\»n � p i ��\»l,km��ef�s\nq�m\�\�e � ® � � � e � kmn
Y�n�eo�ml�e�k ��� eo�s\ i \/Y�n�l´j i la�sY[\4kLe � ®	eoY[¬\ i l,ef\�eo�ml�e��mlLnÃ�"�ul,ksjL\4�«ef�m\ �sio� tul,tsY]Z[Y[efY]\4n
� ® Ä km��Y]ksj��spmn�e � l i eoY]��Z[\Gn l,e ��l i Y � pmn �?� Y]kJeonÃt?\�e � \�\�k�ef�s\n � p i ��\±lakm�#eo�s\»nf�s\4\�e � ®
� � � e � kmn�d°��s\³��laZ]��psZ�l�efY � kun�eo�ml�e �µ� pmZ]�Àef\4Z[Z	pmn7lat � p�e � �ml�e7�ml �s� \�ks\G�2�%tmlLnq\G� � k
ef� � nf\ �sio� tul,tsY]Z[Y[efY]\4n4�U¬Y[jL�Le�t?\�l±ksY]ja�Jef¬³l i \Ld)X �ai efpskml,ef\4Z v³� \Ã�4l,k«l�� � Y��eo�s\�� �aioif�Li
� ®)��l,Z���pmZ]l,efY]ksj �sio� tul,tsY]Z[Y[efY]\4n�t v k � eoY]��Y[ksj±ef�ul�eµef�s\ i l,ef\ � ®9eo�s\�eoY[¬\ÃY[k«n � la��\ Y]n i \ � b
i \4nf\�kJef\G��\�gslL�+efZ v t v ef�s\�º�\ � e � ksY�l,k±j i l��JY[eol,efY � kmlaZ �?� eo\�kJefY�l,Zslakm�/n � ef�s\�º�\ � e � ksY]lak
¬ � ��\�Zm�4l,k»ef\4Z[Zmpmn	\�gslL�+efZ v�� �ml,eO�ml �m� \4ks\4�2d	� � Y]k»ef�s\�¬³l,jLY]�4l,Z �µ�ai Z]� � ®2º�\ � e � ksY]lak
¬ � ��\�Z	\Gla�"�¨�spmn�e � l i eoY]��Z[\»Y�n � pmnf�s\4�¨Y[k¨ef�m\ �u� nqY[efY]�a\��Y i \G�+efY � k � ®�ef�s\

r

l,g�Y]n�lanÃY[®
ef�m\/Z]Y[jL�LeÃ� i lajajL\4��ef�s\ � l i efY���Z]\4n�t?\��mY[km��Y¼e"nq\4Z¼®�d��.lL�"� � l i efY���Z]\�la�4ÔJpsY i \4n å/��§	���,�m�¦£��
¢a�f£�¤G����£,�ª�¦�,�?£,Á)���?���ª¢, �d
°��s\/lL����\�Z]\ i l�efY � k#l�e \4la�"���spmn�e � l i efY���Z]\�\�g �si \4nonf\4�«Y[k#eo\ i ¬³n � ®�å±��§	�¥���u�¦£���Ûs�,á

�¥���u�ª�¦£,Á
Q(r)

�slLnfnfps¬Y]ksj7ef�ul�e�¬ � �L\�¬\�kJe � ®�¶�·U�+�?Ûm£��+�A�¦©�Á[��� ¹¦jLl,Z�l�g�Y]\4n"¾	��lapmnf\4�t v ef�s\
Y]k ² ps\4km��\ � ® � ® � � � e � kmn	Y�n.ks\4jaZ]Y[jLY[tmZ[\ �Li ef�ml,e

Q(r)
� � \4n.k � e��"�ul,ksjL\ � Y¼eo�³efY]¬\G¾+�Ut v

\�Z]\�¬\4kLe"l iov º�\ � e � kmY]lak#�4l,Z���psZ�l�eoY � kmnµY]n

−dQ/dr = 4πGσ(r)/c2
¹�cG¾

� �s\ i \/÷õY]n å/��§	���,�m�¦£���¢a�f£�¤G����£,�ª�¦�,�?£,Á�©"���m�+��£,�m�A�ml,km� � ef�s\ i ef\ i ¬³n�lLn���\4no� i Y[t?\4�«t?\�b
® �ai \ad�°��s\±¢a�f£,¤4���¥£��A�¦���C£�ÁO���C���A¢, 7la�4ÔJpsY i \4�«t v l,k�\�Z]\�¬\4kLe � ®	n � lL��\/� � kJeolaY[kmY[ksj � l i b
efY���Z]\4n � ®%¬³lanon

dm
Y�n

Q(r)dm
dOz.p�eqeoY[ksj

dm = Sρdr
� � �s\ i \

S
Y]n�l,k«l i tsY[e i l iov l i \Gl

� ®�nf�s\�\�e � ®µZ]Y]ja�Je�l,km�
ρ
Y�n�¬³lanon7��\�kmnfY[e vÀ� ®�ef�s\³pmksY[�L\ i nq\L� � km\jL\�e"nÃef�s\³\4ks\ i j v�� ®

��pmnqe � l i efY���Z]\4nµt?\�e � \�\�k � Z�l,ks\�l�e
r = 0

lakm�³eo�s\ � l i l,Z]Z[\4Z � Z�l,km\Ãl,e
r
� �L\ i l i \Gl

S
lan

E(r) =

∫ r

0

SρQ(r′)dr′
¹ª_a¾

Õµ\4�4l,pmnf\ � ®Oef�m\ �si Y]km��Y � Z]\ � ®µ� � kmnf\ i ��l�eoY � k � ®µ\�ks\ i j v eo�sY�n�\�ks\ i j v �mlan e � t?\\4ÔJpml,Z
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\�km\ i j v æ¥Z � n�eqæÃt v ef�m\7Z[Y]ja�Je

E(r) = [σ(0) − σ(r)]S
¹¦^J¾

°)l,ÜUY[kmjnf\4� � km�«��\ i Y]��l�efY]�a\ � Y[ef� i \Gn � \4��e�e �
r
� ks\7ja\�eonµ® io� ¬ø¹qcG¾��%¹ª_L¾+�sl,ku�0¹ª^L¾

d2σ(r)/dr2 = Λσ(r)
¹¦�J¾

� �s\ i \
Λ = 4πGρ/c2°��sY�n»��laZ[pm\ � ®

Λ
¬³l,ÜL\4n±Y¼e´\GÔJpml,Zµe � eo�s\¯©o���+Â�,Á[�f¢a�¦©"£�Á�©o�,�s�+�¥£��m�/�q¡´�µ���s�+�¥�����2� �

·��m��¤����"���±Ò]c�ß�Ó � ®.¬³lanon���\�kmnfY[e v
ρ
d7��e7Y�nÃlakÀY]kJef\ i \4nqefY]ksj i \GnqpmZ¼eÃnfY]km��\±ef�s\³��\ i Y]��l�eoY � k

�mlLn�tu\4\�k�� � km\ÃpunqY]ksj � ksZ v eo�s\�º�\ � e � ksY]lak�¬³lajaY��,d
� � Z[�UY]ksj´\4ÔJpml,efY � k¯¹¦�J¾+�2nf\�Z]\4��efY]ksj´® io� ¬Ýef�s\n � Z]p�efY � kmn�ef�s\ � ks\/ef�ml,eÃ� �aioi \Gn �?� km�mn

e � � � km��Y[efY � kun � ®%eo�s\�¬ � ��\4Zª� i \ � Z]lL��Y]ksj±¬³lLnfn � ® � � � e � kun
m(r)

t v ef�m\�Y i � �U�ai ��Y]kml�eo\
® i \4ÔJps\�ku� v

ν(r)
e ��� �mY]�"�0¬�¹ i ¾�Y�n �sio�a�?�ai efY � kmlaZª�2lakm� i \ � Z]lL��Y]ksj

Λ
t v

1/R2
� �m\ i \

R
Y]n�ÜUk ��� k´lan��µ���s�+�¥�����2� �Ã�f£a¶,��·U�Ã��¡Ã�¸�s�Ã·��m��¤����"��� ¹ �Li �o£a¶���·U����¡7©�·��+¤�£��A·��f����¡��AÛs£L©"�f¾

e � jL\�e�lnqY]¬ � Z]\ i ® �ai ¬ � ®�eo�s\�n � Z[psefY � k9� � \�ja\�e

ν(r) = ν(0)e−r/R ¹ªya¾
�¥kÀº�\ � e � ksY�l,k#ef\ i ¬³n»¹ � ®	ef�s\»l,t � �a\���\ i Y]��l�efY � k?¾�ef�m\/\�¿C\4��e \�g �mi \Gnfnf\4�#t v \4ÔJpml�eoY � k
¹ªyL¾ �µ�ai ÜUn�lan�Y[® � � � e � kun�¬ � �a\G�«lajLlaY[kmnqe�j i l��UY¼e"l�eoY � kml,Z Ä \4Z]�

c2/R
� � �mY]�"��t?\4� � ¬\4n

ef�m\���l,Z]ps\ � ®�ef�m\´�f��Á[£��A��¤4���+�A�¦©³¶� ��C£�Â»�¦©o£,ÁJ¡"�+�¦©��A�¦���´eo�ml�e � \LÇ �L\7tu\4\�k�Z �J� ÜUY[ksj® �Li d�ù¨\
¬Y[jL�Je�k � efY���\ ef�ml,e�Y]k´ef�m\ ¬³l,jLY]�4l,Z ���Li Z�� � ®�º�\ � e � ksY�l,k´¬ � ��\4Zmeo�s\ \�¿?\G�+e�nqY]¬/pmZ]l,ef\4n
� \ i ®¸\4�+eoZ v ef�m\�¬ v eo�sY]�4l,Z �ª���f�"¶�Á��¼¢G���/�¦Ú �o©��Oeo�ml�e±�mlan/tu\4\�k¯¬\�kJeoY � ks\4�ÅY]kÅef�s\�Y[kJe io� b
��pm��efY � k9d	Õµp�eµk ���Ö� \ ��l,k�Z[\Gl��a\�ef�m\�¬³l,jLY]�4l,Z �µ�ai Z�� � ®%º�\ � e � ksY]lak³¬ � �s\�ZCl,km�³Z �U� Ü
� �ml,e�ef�s\ i \4nfpsZ[e i \ �mi \Gnq\4kLe"n�Y[k«eo�s\ i \Gl,Z �µ�ai Z]�9d h tU�UY � pmnfZ v \4ÔJpml�eoY � k0¹Aya¾ i \ �si \4nf\�kJe"n
ef�m\³�ª��Â³�±¶,��Á[£��A�¦���

dτ/dt = e−r/R ¹¦`L¾
� �s\ i \

τ
Y�n	eo�s\ �mif�L� \ i efY]¬\±¹¦l,eµl �?� Y]kJe.Y]k�n � la��\�¾+�

t
Y�n	eo�s\ � �U�ai ��Y[kul�ef\�eoY[¬\/¹ªl�e�ef�s\

� tunq\ i �L\ i ¾+d
°��s\

gik
eo\�kmn �ai7� ®

(t, r)
n � la��\�efY]¬\±eo�ml�e �µ� pmZ]� �sio� ��pm��\»eo�s\³\�¿C\4��e�¹¦� io�a�s� Y[ksj

® �ai nqY]¬ � Z]Y]��Y¼e v ef�m\¨l,kmjapsZ�l i � �U�ai ��Y]kml�eo\4n � k � �sY]�"�úk � eo�sY[kmj×��\ � \4km�sn�tu\G��l,punq\ � ®
Y�n � e io�a�Uv ¾OY�n

gik =

(

e−2r/R −e−2r/R

e2r/R −e2r/R

) ¹Aß,¾
� �sY��"�úY�n#��\�jL\�ks\ i l,ef\Àlakm�Öeo�s\ i \�® �Li \¨k � kÙä�Y[\4¬³l,ksksY�l,k%� v \�e�Y[e �mif� ��pm��\4n#ÔJpsY[ef\Ål
��\G��\�kJe�¬\�e i Y��

ds2 = c2e−2r/Rdt2 + 2csinh(2r/R)dtdr − e2r/Rdr2
¹¦xL¾

� Y[ef�Èn � l�eoY]laZ � l i e � ®�lanonqpm¬»\G�Å��p i ��l�efp i \
1/R

e � t?\�� � kmnfY]nqef\4kLe � Y¼eo�Åef�s\«n � l,efY�l,Z
� l i e � ®������s�+�������2� �Ã·��u��¤����"���.® �ai�� �sY��"�´ef�m\�lat � �L\ ��\ i Y]��l�eoY � k´�mlanµt?\�\4k«�4l ioi Y]\4� � p�e4d
��eO¬Y[jL�JeOtu\ �µ�ai ef�»k � efY]ksj�ef�ml,e4�Ulan)® � Z[Z ��� n�® io� ¬Ý¹ªxL¾��,ef�m\�n � la��\�efY]¬\µ¬Y]ja�Je.�ml��L\

l �sif�L� \ i e v eo�ml�e�l,e7lak v nqeol,efY � kml ifv�� tmnf\ i �a\ i ef�s\³nfps¬ � ®�©�·��+¤�£,�ª·��f����¡±�AÛs£L©o�
1/Rl,ku� � ®�eo�s\ÃÛ?�f�"Ûs�����A��Â���f£��¥�»©o�m£��J¢J�£�Á[�,�J¢����m�±¶,���+��£,�?©"����l,ksY�nf�s\4n4r

∂2τ/∂t∂r + 1/R = 0
¹¦wL¾
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Z ��� nµ® if� ¬ \4ÔJpml,efY � kÅ¹¦`J¾+��eo�s\/l,¬ � pskJe � ®�eoY[¬\/�sY[Z�l�eoY � k � \ i pmksY¼e � ®	��Y]nqeolakm��\7Y]k«ef�s\
�UY]��Y[kmY¼e v�� ®?lak � tmnq\ i �L\ i Y]n

1/R
ef�m\�kY[k±ef\ i ¬³n � ®ueo�s\�l �s� l i \4kJe i \4��\4nonqY � k � ®meo�s\�Z]Y[jL�Le

n � p i ��\Gn.Æ�pmtstsZ]\aÇ n � l i l,¬\�eo\ i.� ®2ef�s\�l �m� l i \�kJe.\�g � l,kmnfY � k´Y]k´ef�m\��UY]��Y[kmY¼e v³� ®2ef�s\ � t�b
nf\ i �a\ i Y]n

H0 = c/R
d�Æ�pststmZ[\LÇ n � l i l,¬\�ef\ i

H0 = 70km/s/Mpc
¬³laÜa\4n�ef�s\ i lL��Y[pun

� ®	��p i ��l�eop i \ � ®�n � lL��\
R =∼ 4Gpc

��¬³l,ÜL\4nµeo� if� psja��ef�m\7��laZ[pm\ � ®
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Z(r) = er/R − 1 = r/R + (r/R)2/2 + ...
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t = 1/H0

Hu(t) = H0 + H2
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dH/dt = H2
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